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Abstract 



The Fedosov deformation quantization on a cotangent bundle with a symplectic connection in- 
duced by some linear symmetric connection on the base space is considered. A global construction of 
, the symplectic homogeneous connection on the cotangent bundle modelled on the linear symmetric 

connection from the base space is proposed. Examples of the induced symplectic connection are given. 
^ I A detailed analysis of the Abelian connection and flat sections representing special types of functions 

for this kind of symplectic connection is presented. Some properties of the ^-product determined by 
the induced symplectic connection are shown. 
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; 1 Introduction 

. The first version of phase space formulation of quantum mechanics was proposed by Moyal pQ, who 

adapted ideas of Wcyl [5] , Wigner [3] and Groenewold [3] . Unfortunately, this formalism can be applied 
only when the phase space of a system is K 2 ™ . The succesful generalisation of Moyal's result was published 
by Bayen et al. [SJ [5]. In these papers quantum mechanics was presented as a deformed version of 
classical mechanics with the Dirac constant h being the deformation parameter. Since that moment this 
new branch of physics and mathematics called deformation quantization has been developed rapidly. 



In his outstanding works [7J [5] Boris Fedosov presented a recurrent algorithm of construction a de- 



formed ^-product on any symplectic manifold. The ^-product of functions obtained in this formalism is 
determined by the symplectic connection on the symplectic manifold. Unlike the Riemannian geometry 
the symplectic manifold can be equipped with many symplectic connections. The natural question arises 
which one of these symplectic connections is preferable. There are several criteria of the choice (see a 
review [11]). One of them is simplicity of recurrent formulas. Imagine that on a 6-D symplectic manifold 
in the 3rd step of the recurrence the number of elements in the Abelian connection exceeds 1500! Hence 
the most desirable seem to be symplectic connections generating finite Abelian connections. Unfortu- 
nately, as we proved [S], in many cases such a symplectic connection does not exist or has a very special 
form J9[ [10] . Another criterion is compatibility of the symplectic connection with some extra structures 
present at the symplectic manifold. For example on pseudo-Kahler manifolds the preferred symplectic 
connection preserves the almost complex structure. It is also possible to select symplectic connections 
using a variational principle |12j . 

In the current paper we analyse symplectic manifolds which are cotangent bundles over paracompact 
manifolds. Symplectic manifolds of this type appear in physics as phase spaces of free systems or systems 
with constraints independent of time. Our aim is to equip them with symplectic connections which 
generate relatively simple Abelian connections and, moreover, are natural from the physical point of 
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view. Presented considerations are based on a conviction that Physics is determined by geometry of a 
configuration space. 

The first part of the article is dedicated to some class of induced symplectic connections. Their 
construction has been done in a proper Darboux atlas which seems to be the set of physically prefer- 
able charts. Yet we emphasize that this construction is global and its result can be transformed easily 
into an arbitrary atlas. We show that in the proper Darboux coordinates we can choose the symplectic 
connection in such a way that its coefficients with two or three momenta indices vanish. Moreover, the 
symplectic connection components with one momentum index are determined by the linear symmetric 
connection on the configuration space of the system. This is the reason why we call this kind of sym- 
plectic connection the induced symplectic connection or the symplectic connection induced by the linear 
symmetric connection. Finally, the symplectic connection coefficients with three spatial indices are ho- 
mogeneous functions of momenta. It is worth mentioning that the induced symplectic connection has 
clear geometrical interpretation. For every vector field X transported parallcly along some curve on a 
cotangent bundle T* M. with respect to the induced symplectic connection its canonical projection on 
the base space M. is parallcly propagated along the projected curve with respect to the linear connection 
inducing this symplectic connection. 

A special case of our induced symplectic connection is the connection V° introduced by Bordemann 
et al [12] and independently by J. F. Plebanski et al [2]. We analyse this example in details. 

The second part of the paper is of a strictly technical character and is focused on the Fedosov *- 
product based on the induced symplectic connection. Thus we analyse several properties of the Abelian 
connection generated by the induced symplectic connection. We point out that in this case the recurrence 
relation leads to a relatively simple form of the Abelian connection series. There are only three types 
of elements appearing in the Abelian series r. The recurrence is completely determined by the curvature 
2-form i? 7 + r components of the connection 7 + r standing at the elements (y 1 ) 11 ■ ■ ■ {y n Y n dq a A dp@ . 

We propose several properties of series representing functions in the Fedosov deformation quantization. 
In the same section we consider the ^-product generated by the induced symplectic connection of some 
special classes of functions. Among other things we compute the ^-product of functions dependent only 
on spatial coordinates and conclude that it is the 'usual' pointwise product of them. We also consider the 
Moyal brackets of positions and momenta. The commutation rules for positions and momenta are like 
these ones following from the Dirac quantization scheme and they are invariant under proper Darboux 
transformations. 

If it is possible, we use the Einstein summation convention. In situations in which the nature of 
coordinates ( spatial or momenta ) is not important we denote them by lower case Latin letters. The 
small Greek letters: a, f3, . . . denote spatial coordinates. The capital Latin letters /, J, . . . correspond to 
momenta coordinates. 

2 A symplectic connection induced by some linear connection 

Let (W,uj) be a 2n-D symplectic manifold and A — {(U Z: (/> z )} z6 j be an atlas on W. By uj we mean the 
symplectic 2-form on W. 

Definition 2.1. The symplectic connection 7 on W is a torsionfree connection satisfying the condi- 
tions 



where a semicolon ' ; ' stands for the covariant derivative. 

For any point p € W there exist local coordinates (x 1 , . . . , x 2n ) on a neighbourhood of p such that 



Wiy,k = 0, 1 < i, j, k < 2n, 



(2.1) 



7 i. 




(2.2) 



i=l 



The chart (IA Z , <f> z ) with coordinates (x , . . . , 



x 2n ) is called the Darboux chart. 
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In the Darboux coordinates the system of equations (|2.ip read 

= -l\ k ui 3 ~ jjkUti = -y jik - 7ij fc = 0, (2.3) 



where jijk d =' 7^0;,;. Coefficients 7^-^ are symmetric with respect to the indices {i,j, k}. 

Definition 2.2. ^4 symplectic manifold (W,w) endowed with the symplectic connection 7 is called the 
Fedosov manifold and it is denoted by (W,w,7). 

A symplectic connection exists on any symplectic manifold. Moreover, every symplectic manifold may 
be equipped with many symplectic connections. In a chart (U z ,4> z ) the difference 



a dof - 

&ijk = lijk ~ lijk 



between coefficients 7^ and 7 ijfc of two symplectic connections 7 and 7 on (W, w) is the tensor of the 
type (0,3) totally symmetric in its indices. Hence, starting from the same symplectic manifold (W,ui) 
we may construct many Fedosov manifolds. 

Since now we will work in Darboux coordinates so locally every symplectic connection 7 will be 
characterized by its coefficients 7^. totally symmetric in its indices. Then 7* fc = ui h "fijk, where 

The straightforward consequence of the symmetry of coefficients 7^. are the following relations: 

<-y?+", =--Y J , = -<Y. fe -, 'y 1 i+n = >y k+n =->y J , 

ij+nk+n h k+n h J+n 1 ikj+n hj+n ftk' 

i+n _ ~ 3+n _ k+n i _ j _ k 1< ; , K n 

lj k —lik ~ Hj ' I j+n k+n ~ li+n k+n ~ li+nj+n ) 1 ') Ji ft 

Locally the symplectic curvature tensor components are defined as 

tftfM = u iu KV kl = - + U} st -y U k7ajl - w st 7 ti; 7 S jfc, (2.4) 

The coefficients Kijki satisfy the folowing relations [16] 

Kijki = —Kijik , K^ki = Kjiki, (2.5) 
K ijk i + K U jk + Kikij = 0, (2.6) 
Kijki + Kujk + K k u 3 + Kjku = 0. (2.7) 
Observe that the property (|2.7|) follows from (|2.5p and (|2.6p . 
The Bianchi identity reads 

Kijkl-m + Kijmk;l + Kijlm;k = 0, (2.8) 

where all covariant derivatives are calculated with respect to the symplectic connection. 

Let the symplectic manifold (W,uj) be the cotangent bundle T* M. over some configuration space A4. 
Since now we assume that M. is an n-D paracompact smooth differentiable manifold. 

Moreover, let (U z ,cf> z ) be a local chart on the base space M.. The local coordinates of a point 
p e in the chart (U z , <fi z ) are q , . . . , q n , where n = dim A4. Since there exists the bundle projection 
ir : T*M — > M. we can introduce coordinates on ^^{U.^ in a natural way. Indeed, let P = pidq 1 be a 
cotangent vector at the point p. The coordinates (q 1 , . . . ,q 2n ) of the point (p,P) G ii~ l {U z ) are defined 
as: 

q i =q\ i = l,...,n, q % =p l - n i = n + 1, . . . ,2n. 

The coordinates (q l ,Pi) in the chart (7r _1 (£4), (q l ,Pi)) are known as the coordinates induced by the 
chart (U z , 4> z ). In these coordinates the symplectic form determined by the basic 1-form 6 — pidq 1 reads 

lo d =- -dO = dq i A d Pl (2.9) 
so the induced coordinates (q , ',Pi) are also Darboux coordinates. 
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Definition 2.3. Let {(U z , </> z )} zg j be an atlas on the symplectic manifold T*A4 such that in every chart 
the coordinates q\ 1 < i < n determine points on the base manifold A4 and q l+n ~ Pi, 1 < i < n, denote 
momenta in natural coordinates. Every atlas of this form is called the proper Darboux atlas and every 
chart of this atlas is known as the proper Darboux chart. The transition functions define the point 
transformations 

Q k = Q k (q l ), Pi=^- iPk , i,k = l,...,n. (2.10) 

Assume that the base manifold M. of the cotangent bundle T*M is equipped with some linear 
connection T. We propose some global construction of a symplectic connection on T*A4 induced by 
the linear connection from the base space A4. We cover the symplectic manifold T*A4 with a proper 
Darboux atlas. We require that in every proper Darboux atlas our symplectic connection 7 fulfills two 
natural conditions: 



1. it 'contains' the linear symmetric connection T from the base space M. and 

2. all of the symplectic connection coefficients take as simple form as possible. 

In any proper Darboux chart the first requirement means that y a ./3,8 lps = ^ps- 

At the beginning we analyse the transformation rule for a symplectic connection under proper Darboux 
transformations. As it is known, the general transformation rule for symplectic connection coefficients is 
of the form 

' rni r>2»\ dq l dq r dq s ± _ 2 dq r d 2 q d 

7ijk(Q , - >Q ) = -^-r - aAk lirs{q , • • ■ , q ) +Urd— ~t - — ~ ■ (2.11) 



In Darboux coordinates the symplectic connection coefficients are symmetric with respect to all indices 
so we need to consider only four kinds of elements: jijK,Jija,Jiaf3 and 70,3,5. 

Components jijk transform like tensors under proper Darboux transformations and are functions 
only of the connection coefficients of the same type. Hence if we assume that all coefficients Jijk vanish in 
some proper Darboux atlas, this property remains true in any proper Darboux atlas and it is compatible 
with the transformation rule. 

Elements jij a also transform like tensors under proper Darboux transformations. They are functions 
of coefficients of the same kind and Jijk- Thus if all terms Jijk = as we assumed before and all 
jija = in some proper Darboux atlas, the choice of the connection coefficients is consistent. 

Let us consider the coefficients ji a p- In general they depend on coefficients of the same kind, Jijk 
and 77 j a . Remembering previous results we see that this relation reduces to the dependency on elements 
of the same type. The nontensorial part uwJqt gqjQQk of the transformation formula does not vanish. It 
is a function only of spatial coordiates. These two facts suggest the following definition of 7/ Q/ 3- Let T s a p 
be linear symmetric connection coefficients on the base manifold Ai. Then in proper Darboux coordinates 
we define 

1Ia p{q\ ...,q n , Pu ... ,p n ) = -I^g 1 , . . .,q n ). (2.12) 

This definition establishes the relation between the linear symmetric connection from the configuration 
space M. and the symplectic connection on the phase space T* M.. The symplectic connection coefficients 
liufi are determined by the linear symmetric connection on A4 and depend only on the spatial coordinates 

Finally we consider the symplectic connection coefficients j a ps- From (|2.11[) we see that they depend 
on the terms 7/ Q( 3 and 7^5. Moreover, the transformation rule applied to coefficients "fi a p lead to elements 
of the form P Q /"((5 1 , . . . , Q n )- The consequence of the transformation rule (|2.11[) is also presence of the 
expression P a g a (Q 1 , ■ . ■ , Q n ) following from the nontensorial part of this rule. Thus it is expected that 
in every proper Darboux chart the symplectic connection coefficient j a p$ should be of the form 

japsiq 1 , ■ ■ -,q n ,Pi, ■ ■ ■ ,Pn) = Peflp&iq 1 , ■ ■ -,q n )- (2.13) 
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Quantities f^psiQ 1 1 • • • j 9™) are purely diffcrcntiable geometrical objects totally symmetric with respect 
to the indices {a, (3,5}. Under proper Darboux transformations they obey the following transformation 
rule 

Y> <9 2 Q e / dqi 1 dq T dq v dq T dq v dq» dq T dq" dq v \ x 



K = l 



<9^<9g K \dQ a dQPdQ s dQ a dQ? dQ s dQ a dQP dQ l 

dq* dq T dq v d 3 Q E 



dQ a dQl 3 dQ s dq-ndq T dq l 



(2.14) 



The last step in our construction is to put together the coefficients j a ps on intersections of charts. 
Since the base manifold is paracompact we can use the partition of unity. Let {g z } z eJ be a partition of 
unity corresponding to an atlas {(W z ,0 z )} z6 j on M.. Then we define 

7a/35 d =' y^^9z{laps)z- 

zeJ 

Locally these coefficents are of the form (|2.13[) . Notice that they disappear on the base space At. 

The construction of the natural symplectic connection 7 on the cotangent bundle T*M. has been 
completed. As we demanded, the projection of this symplectic connection on the base space M. is the 
linear symmetric connection L and the symplectic connection seems to be as simple as possible. This 
natural symplectic connection will be called the symplectic connection induced by the linear symmetric 
connection or simply the induced symplectic connection. 

It may be frustrating that our method of introducing the induced symplectic connection requires a 
proper Darboux atlas, but this fact results from the physical origin of our construction. It expresses 
the obvious difference between the configuration space and the fibres of the momenta. Once we obtain 
the induced symplectic connection we can transform it to an arbitrary atlas on the cotangent bundle. 
Moreover, we emphasise the fact that although our considerations have been made locally, the proposed 
construction of the induced symplectic connection is global (compare the paragraph about existence and 
extension of connections in |17j). 

There are many induced symplectic connections on the cotangent bundle T*A4. As one could see the 
choice of connection coefficients japs depends on the choice of the atlas on Ai and the partition of unity 
corresponding to this atlas. As we will show in an example it is possible to impose some geometrical 
condition to make the induced symplectic connection unique. Namely we can equip the cotangent bundle 
T* Ai with a metric structure and then having a Levi- Civita connection on T* Ai we define the induced 
symplectic connection. But the metric structure on the phase space does not have a clear physical 
interpretation so we prefer to consider the wider class of the induced symplectic connections. 

' 2n + 2 
2n - 1 

coefficients. In the case of an induced symplectic connection only at the most \n(n + l)(2n + 1) of them 
are nonzero. 

The induced symplectic conection coefficients Yjk 011 the cotangent bundle T* Ai in a proper Darboux 
chart are: 

1JK = 1JK - 1% = 0, 

a+n I — n -r^I — n 

lip = -lap = H»p = "I a p > 



A symplectic connection on a 2-D symplectic manifold in a Darboux chart is determined by 



laps- (2.15) 



The induced symplectic connection has nice interpretation. Let c : q 1 = <? l (£), i = 1, . . . , 2n, t £ R be a 
smooth curve on the cotangent bundle T* Ai and X a vector field parallel along this curve. Locally it 
means that 
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Then using the relations (|2.15[) and (|2.12[) we sec that the set of equations (|2.16[) can be divided in two 
parts: the conditions 

dX<* J2J5J dX a p dq s 

and some other relations of the kind 

dt +1 ? kX dt _U " 

Now we project the curve c in the canonical way on the base space M. This projected curve 7r(c) is 
described by the system of equations 7r(c) : q a = q a (t), a = 1, . . . , n, iel. The vector field X transforms 
under this canonical projection into a vector field ir*(X). As we can see from (|2.17[) the vector field ir*(X) 
is parallely propagated on the curve 7r(c). Thus we conclude that the induced symplcctic connection 
guarantees that for every vector field X parallely transported along the curve c on the cotangent bundle 
T*M the canonical projection 7r*(A) of this field on the base space A4 is parallely propagated along the 
projected curve 7r(c). 

Moreover, if we consider the vector field X 1 = then we see that the canonical projection of 

any geodesic in T* M. with respect to the linear symplcctic connection 7 onto the base space M. is the 
geodesic with respect to the linear symmetric connection T with the same affine parameter. 

Let 9 denote, as before, the basic 1— form on the cotangent bundle T* 'M. The canonical vector field 
V on T*M is defined by the relation 

iyU! = —6. 

Locally in Darboux coordinates V — p e . 

Definition 2.4. A connection V on the cotangent bundle T*A4 is called homogeneous iff for all vector 
fields X,Y € T(T(T*M)) 

CvVxY - S/cyxY - VxCvY = 
where Cy stands for the Lie derivative with respect to the canonical vector field V. 

In a proper Darboux chart it means that for all indices a and / 

r)V a f)T a f)T a spa 

^ X fiY6 + ^ X Jy fi+ ^ X 0yJ + KjL X JyL + 
OPe Op e dp t dp e 

+ 2T a JL X J Y L + T a j p X J Y fi + Tf 3J X Y J = (2.18) 

and 

?Ek x P Y s + ?EJP_ X J Y P +pe ^k X 0yJ +pe ^k X JyL _ r r x p y s + ^ X J Y L = (2.19) 
op e ap e op,: ap t ' 

where symbols T l j k denote coefficients of the connection V. Substituting (|2.15[) into (|2.18[) and (|2.19[) we 
obtain that every induced symplectic connection is homogeneous. 

In proper Darboux coordinates the nonvanishing components of the symplectic curvature tensor K 
of the symplectic connection (|2.15l) are K[ p^g, K a p 7 j and K a p 7 g. The coefficients of the first group are 
determined by the curvature tensor of the linear symmetric connection from the base manifold M. . As it 
can be checked 

K a+nMS {q 1 , . . .,q n ,P!, . . . ,p n ) = -Rfasiq 1 , q n ) 

so these terms do not depend on momenta. By Rp^g we mean components of the curvature tensor of the 
linear symmetric connection L. 

Moreover, from (|2.5|) and (|2.6I) we see that 

Ki Pis = Kps-f 1 — Kp~,s i- (2.20) 
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The components Kps-y / are functions of spatial coordinates only. 
Finally the elements K a p^s are of the form 

n 
e=l 

where Vi< e <„ (K a p^$) c are some functions of q , . . . , q n . 
From the Bianchi identity (|2.8|) we get 



v = l 



v — 1 v — 1 v — 1 v—1 

n n 

^ ^ 7^+^ aj-^-v/38e-\-n ^ ^ Tw+n Pj-^va5e-]-n- (2.21) 
t;— 1 u — 1 

Hence we conclude that to obtain the complete symplcctic curvature tensor we need to know all of the 
curvature tensor components K a p 1 i and the linear connection on the base manifold M.. The fact that 
the base space Ai is flat does not guarantee that the cotangent bundle T*Ai is symplectic flat. 

The symplectic Ricci tensor K\j d =' uj ls Ku S j. In a cotangent bundle equipped with an induced sym- 
plcctic connection only components 

n 

K a p = _ ^°^ c e +" (2.22) 

can be different from 0. Thus the Fedosov manifold (T* A4, ui,~f) equipped with an induced symplectic 
connection 7 is Ricci flat iff in a proper Darboux atlas 

n 

V Q ,/3 K a/3e e+n = 0. (2.23) 



3 Examples of the induced symplectic connection 

The first example of an induced symplectic connection is based on ideas presented in [15j . The similar 
problem was considered in [14] . It also appeared in another context in |13j . 

Assume that the n-D base manifold Ai is endowed with a linear symmetric connection T. The tensor 
field g G ^(T^ (T* Ai)) in proper Darboux coordinates is defined as 

By 1 and we denote the identity and zero matrices of the dimension n x n respectively. The coefficients 
T e a o are components of the linear symmetric connection on Ai. 

The tensor field g of the type (0, 2) is symmetric and nondegenerate. Its signature is (+, 

n 

Then (T*Ai,g) is a 2n-D Riemannian manifold. The Levi- Civita connection T on it is determined by 
the tensor g according to the well known relation 

( ^9}k dgij_ _ dgjk 
2 g \ def dq k dq> 



r - -n il + ^± - C\ o*\ 
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By g tl we mean components of the tensor inverse to the metric tensor g. 

It can be easily checked that the coefficients of the Levi- Civita connection on the manifold (T*Ai,g) 



arc 



1 (38 — 1 38 ! 


■pa 

J-/37 - 






( dT h 


dKp 

dq S 






1 /3 5+n ~~ 


1 a/3 ! 


f T JK = 0. 


(3.26) 



-jia+n 



Let us lower the upper index of Christoffel symbols Tj k by their contraction with the symplectic form 



def 

fa+n PS 



SO Tijk — ^il^jk 



• — 1 [38 




= o , 




( dT h 




aria 








<v 


a/3 (5+n 


1 Q0 7 




= 0. 



It is known (see |16)V that having a symplectic manifold (A4,lo) endowed with some symmetric affinc 
connection T we may define in a natural manner a symplectic connection on (Ai,oj). In any Darboux 
chart the coefficients of that symplectic connection are equal 

lijk = g {Pijk + Tjifc + Ffcij) , (3.27) 

Applying the formula fl3.27[) to the Levi- Civita connection L on the manifold (T*M,g) we obtain the 
symplectic connection on T* M. induced by the Levi- Civita connection on it. Moreover, since the metric 
tensor g (|3.24|) is a function of the linear symmetric connection T on the configuration space M. then in 
fact the symplectic connection 7 is determined by the connection on the base space M.. 

In proper Darboux coordinates the coefficients of the induced symplectic connection on T* M. read 

7a+n 135 = —Tps, 7 IJa = 0, JIJK = 0, 

1 / 9r e dT e dY e \ 

i a ps = ~p e ^-Q^r + + -Q^jr - 2T v a T v P s - ^isKp - 2r^r^J . (3.28) 

The induced symplectic connection 7 and the Levi- Civita connection T on T* M. arc different. 

The nonvanishing components of the symplectic curvature tensor K of the symplectic connection 
(|3.28p in proper Darboux coordinates are 

K a + n PjS = —Rp-fS 7 KaPj S+n = ~ {j^aPy + Rpa-y 

K a p 7 s = -^Pt(jlp 1 &-u+Ra 1 8;p+3Yl }a R v p 1& +ZY%f 3 R v ^^ (3.29) 

By Rp^g we understand components of the Ricmannian curvature tensor of the connection T. 

From the formulas (|3.28p and (|3.29p we see that, unlike the general case of an induced symplectic 
connection, in the considered example the symplectic connection and its curvature are determined by 
components 'ja+nps, Ka+np-yS and their derivatives only. Indeed, 



1 / dj e+n p S d7 e+n a p d-j t+n aS \ 
aPS = g 2^ P e \ «"U ' Q~5 1 Q~P *~ l lt+n vajv+n PS + ^Je+n vSHv+n aP + ^€+n vpjv+n txS J 

€,V — 1 ' 

(3.30) 

--^(^Ks+naPy + Ks+n pa-y^j , (3.31) 



and 

K a p~i S+n 



8 



ftafSyS = — — I Q~~^ — 'q~ i B ' / i'J f : +rl av-K-v+n d-fS + 4 Je+n 8v J^v+n a^S + 

e,v— 1 \ y " 

7e+n ^v-^v+n a08 7e+n jv^-v+n Ba5 ~t~ 7e+ra dv^-v+n q/?7 ~l~ 7e+n Sv-Kv+n Bay ~t~ 7v+n a5 -K e-\-n dwY~\~ 

~t~ 'Jv+n fiS-Ke+n avy 'Jv+n ay-Ke+n Bv5 T^+n By^-e+n avS 27-u-f-n a.@Ke+n vy5) • (3.32) 

Using (|3.30[) wc conclude that the symplectic connection induced by a Ricmannian connection is deter- 
mined by ^n 2 (n + 1) functions j a + n p8 and their partial derivatives. All of these functions depend only 
on spatial coordinates q 1 , i = 1, . . . , n. 

The induced symplectic curvature tensor is completely described, via (|3.31[) and (|3.32p . by its 



\n 2 (n 2 — 1) components being only functions of q l , i = 1, . . . , n: 



1 . K a+n B8~t , P < 7 , 

2. K a+n p 7 p , 7 < /3 , 

3. K a+nj3l s and K a+nS g 7 for /? < 7 < (5, 

their derivatives and the symplectic connection coefficients ja+nps- Remember that from (|2.6p 

K a+n jBS = Ka+n ByS + K a+n S/3j , /3 < 7 < S. 

It follows from (|2.5[) . (|2.6p and (|3.31[) that in any proper Darboux chart 

K a j3 1 S+n + Kya/3 s+n + Kp ya s+n = 0. (3.33) 

Applying (|2.5[) , (|2 .6[) and (|3.33[) we get back (|3.31[) . Thus properties p.31[) and (|3.33p are equivalent. 
The immediate consequence of the identity (|3.33p is the relation 

^■oaa B+n 0* 

Among all of symplectic connections fulfilling in a proper Darboux chart the conditions: 

1- la+n 3+n 5=0, J a +n /3+n S+n = 0, 

gs are some functions of spatial coordinates q q n , 
3. on the base space M all of coefficients 7 a gs disappear 

only the curvature tensor of the induced symplectic connection (|3.28p satisfies (|3 .33|) . Indeed, for the 
fixed indices a, (3,^,6 we obtain from (|2.4p and (|3 . 33[) that 

= ~dp d(p U ^ 1+n va ^ el3S ~ U IvaS^fy+n <lB H T^g h W 77+n u<57ca/3 + 

™ . 97 a/ 35 97 7+Il(3 5 £U ew . . 

— W JvpSj-y+n £« + — ^ 7^ N 7y+ra v87eaS ~ W 7ua£77+« £<5- (O.J4j 

Solving the system of differential equations (|3.34p numerated by 7 for the fixed a, /?, <5 and applying the 
3rd condition we see that in Darboux coordinates every coefficient "f a BS must be of the form (|3.30|) . 

From (|2.22p and (|3 . 29[) we conclude that potentially nonzero components of the symplectic Ricci 
tensor are 

Ka8 = o ( R-aB + R/3a ) , 



3 

where R a p are elements of the Ricci tensor on the base manifold. In the case when R a g is a Ricci tensor 
of some Levi- Civita connection, it is symmetric. Then the symplectic manifold T*Ai is Ricci flat iff the 
Riemannian manifold M. is Ricci flat. 
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Let us consider the case that the base manifold Ai is a Ricmannian manifold with a metric structure 
determined locally by the metric tensor g a p. This metric structure introduces the unique Levi- Civita 
connection on Ai (see formula p.251) 1 ). A smooth curve c : K — > Ai is locally characterized by the system 
of equations q a = q a (t),t G M. The lift of c from the Ricmannian manifold Ai to the cotangent bundle 
T* Ai is the smooth curve c : R — > T* Ai locally expressed by the set of equations 

q a =q a (t), 

It can be checked (compare ([2])) that among all symplcctic connections induced by the Levi- Civita 
connection from Ai only for the symplcctic connection locally characterised by the coefficients (|3.28l) the 
lift of any geodesic on Ai with respect to the Levi- Civita connection on Ai is a geodesic with respect 
to the induced symplectic connection (|3.28|) on T* Ai. 



The second proposed choice of an induced symplectic connection can be applied only in some very 
special situation. Let us assume that an n—D base manifold Ai can be covered with an atlas in which at 
all chart intersections the transition functions are linear i.e. 

V Q Q a = a%q f3 . 

By cfp we denote elements of the matrix of transformation between 'old' coordinates q 13 and 'new' ones 
Q a . The matrix a does not depend on the point and it is nonsingular. The choice on an atlas described 
above can be made on a sphere when we use spherical coordinates. 

Then in the proper Darboux atlas on the cotangent bundle T* Ai we propose the following induced 
symplectic connection: 

Vjjif \f a/ 3s Jijk = lua = laps = , ji a p = -r^ n (g\ ■ ■■,<?")■ (3.35) 

Hence the induced symplcctic connection is completely characterized by its ^n 2 (n + 1) coefficients de- 
pending only on spatial coordinates. The straightforward consequence of this fact is the observation that 
among symplectic curvature tensor components different from can be only Ki a ps and K a ps i being 
functions of q 1 , . . . , q n only. These two classes of components satisfy the condition (|2.20j) . All of them 
are functions of spatial coordinates exclusively. 

4 The Fedosov deformation quantization with an induced sym- 
plectic connection 

Considerations presented in this part of our paper have been divided in two subsections. In the first 
one we analyse the construction and properties of an Abclian connection determined by the symplectic 
connection introduced in the second chapter. The next subsection is devoted to flat sections of the Weyl 
bundle and some examples of the ^-product with the induced symplectic connection. 

We assume that the Reader is familiar with the Fedosov quantization algorithm. For details see |S] ■ 
4.1 The Abelian connection 

Let (W, u, 7) be a Fedosov manifold covered by an atlas A = {(W z , </> z )} ze j. By h we denote a deformation 
parameter. We assume that it is positive. In physics the deformation parameter h is identified with the 
Dirac constant. The symbols y , . . . , y 2n represent the components of an arbitrary vector y belonging to 
the tangent space T p W at the point p e W with respect to the natural basis (g§r) determined by the 
chart (£4, 4>z) such that p £ U z . 
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We introduce the formal series 

def. 



k>0 (4.1) 



a 

1=0 

at the point p. For I = we put a = h k a k . By dk,ji...ji wc mcan the components of a covariant tensor 
totally symmetric with respect to the indices . . . ,ji} in the natural basis dx n ... dx Jl . 

The part of the series a standing at h k and containing I components of the vector y will be denoted 
by a[fc, I]. Thus 

oo oo 

a = J2^ k a[k,l}. (4.2) 

fc=0 1=0 

The degree deg(a[fc, /]) of the component a[k, I] equals 2k + I. 

Notice that since a<k,j 1 ...j l are totally symmetric in the indices {ji, . . . , ji}, the element a defined by 
the formula (|2.9[) can be understood as the polynomial 



OO I 2 J 

a = 

z=0 k=0 



EE^ a M 1 ...^(2/ 1 ) I1 ---(2/ 2rl ) 42 ", (4.3) 
where 

< ti, . . . ,l2n < z — 2fe , ii + \-i2n= z — 2k. 

The symbol [§] denotes the floor of |. The relation between the tensor components ak.j 1 ...j [ and the 
polynomial coefficients ai Cl i 1 ...i 2 n reads 



> (A A\ 

flfc.il. ..i 2n — ~. : r a k 11.. .1 ...2n2n...2n- l 4 - 4 J 




Let P* W[[h]] denote a set of all elements a of the form (|4.ip at the point p. 
The product o : P p *Wp]] x P*W[[h}} -)• P*W[[h}} of two elements a, b G P*W[[h}} is the mapping 

aob = > — I — — J oj 1iJi ■ ■ ■ u HJt — — — — — — . (4.5) 

t \ 2 / . . . dy l t dy^ . . . dy^ 



t=o 



As it has been proved in [5], in Darboux coordinates we have 

min[r,fc]+min[j, 

(»W»(yW = f!ji«iti E (t) (y i r +s - 4 (y I+ ") fc4 



t=0 



X 



min[j,s,t] 



x V (-l) a . (4.6) 

^ v ; a!(t-a)! r-i + a )\(j-a)\(s-a ! (jfe-t + o)! V ; 

a=roax[t-r,t-fc,0] V ' V ' U ' V ' V ' 

The pair (P p *W[[fi.]], o) is a noncommutative associative algebra called the Wcyl algebra. Taking a set 
of the Weyl algebras (P p *W[[ft]], o) at all points of the manifold W we obtain the Weyl bundle 

v*w[[h\] d ^ \J (p;w[[h]],o). 

pew 

Geometrical structure of the Fedosov deformation quantization is based on the m-differential form 
calculus with values in the Weyl bundle. Locally such a form can be written as follows 

oo 

a ^ h k a kjl ... Jl . Sl ... Sm (x\ . . . . . //•' dz 8 ' A • • • A dx s ™ , (4.7) 

1=0 
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where < to < 2n. Now &k,ii...i l ,ji...j m {%\ ■ ■ ■ ,x 2n ) are components of smooth tensor fields on W and 

C°°(TW) 3 y lo = lly y 1 -^-; is a smooth vector field on W. We use the same symbol for the vector field 
y G C°°(rVV) and the vector y g T p W. 

From now on we will omit the variables x x 2n in &k,ji...ji,si...s m {% \ ■ ■ ■ , x 2n ). 

Differential forms of the type (|4.7p are smooth sections of the direct sum 

V*W[[h}} ® A d =' ©^ =0 (P* W[[fi]] ® A m ). By A m we mean the space of smooth m-forms on the manifold 
W. 



The commutator of forms a g C°°{V*W[[H]] <g> A™ 1 ) and b g C°°(:P*>V[[7i]] (8 A™ 2 ) is the form 
[a, 6] g C7°°(P*W[[ft]] ® A mi +™ 2 ) defined as 

[a, b] d = a o b - (-l) mi -" l2 fe o a. (4.8) 
Definition 4.1. T/ie antiderivation operator S : C°° (V*W[[h}} <g>A m ) -> C°°(:P*yV[[/i]] ®A m+1 ) «s denned 

<5a d ^<fe fe A0. (4.9) 

The operator 6 lowers the degree deg(et) of the elements of 7 ? *W[[/i]]A by 1. 
Every two forms a £ C°° (P*W[{h]\ <g> A mi ) and b g C°°(V*W[[h}} ® A) satisfy 

(5(a o 6) = (5a) o 6 + (-l)" ll a o (6b). (4.10) 

The operator <5 _1 : C°°(V*W[[h]} ® A m ) ->• C°°(7>*Wp]] ® A" 1 " 1 ) is defined by 

f TT-^T^rJa for Z + to > 0, 

6- 1 a=i (4.11) 
for l + m = 0, 

where I is the degree of a in y^s i.e. the number of y J, s. The operator (5 _1 raises the degree of the forms 
of P*W [[h\\ A in the Weyl algebra by 1. 

The exterior covariant derivative <9 7 of a form a G C°°('P*VV[[S]] <S> A m ) determined by a symplectic 
connection 7 is the linear operator d 1 : C°°(V*W[[h]] ® A m ) -> C°°(P* W[[ft]] ® A m+1 ) defined in a 
Darboux chart by the formula 

dcf. , , i 



d 7 a = ■■ da+-[j,a\. (4.12) 



The 1-form 7 standing at the commutator 



def. 

7 = 2 



l - lrjk yYdx h . (4.13) 



In the case when the connection 7 is an induced symplectic connection, the 1-form 7 contains three kinds 
of elements (indices a, /3, e, / are fixed!): 

1. ^¥^l a pey a y dq* ,a<0, 
2- 7/ /3ey P y I dq e , 

For every symplectic connection 1-form 7 its antiderivation #7 = 0. Remember that the coefficients "/ape 
are of the form (|2. 13[) . 

The curvature 2-form i? 7 of 7 in a Darboux chart can be expressed by the formula 

R ~< =dl+ 27^ 7 ' 7 ^ = d l+jl°l- ( 4 - 14 ) 

In the case when 7 is determined by the induced symplectic connection we obtain that i? 7 consists of 
three types of terms (all indices are fixed!): 
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1. ^^K aPev y a yPdq e A dq v ,a<f3,e<v, 

2. Kjcpey^dq? Adq* , < e, 

3. ^^K a ^ v+n y a y' 3 dq' A dp v , a < 0. 

The terms K a p ev are homogeneous functions of momenta p a . 

The property 5R 1 = follows from (|4T4| and (|4T0|) . It is equivalent to f|27B|) ■ 

Let us introduce a new symbol. The a[f|ii, . . . , i ti |t|j, fc] is the coefficient standing at 

a[v\i u . . .,i n \T\j, k] Pv (y 1 ) 11 ■ ■ ■ {y n ) ln y T+n dx J A dx k , 1 < j < k < 2n. 

The crucial role in Fedosov's deformation quantization is played by an Abelian connection 7. From 
the definition the Abelian connection 7 is the connection in the Weyl algebra bundle which curvature is 
a central form so for any a E C°°(7 :> *VV[[fi.]] <g> A) we obtain c> 7 (9 7 a) = 0. 

The Abelian connection proposed by Fedosov is of the form 

7 = .j,,!/'d.i J +7 + r. (4-15) 

Its curvature 

i? 7 = —-uj-u i,dx 31 A dx^ 2 + i? 7 — Sr + 9 7 + — r o r. 
The requirement = —^uj^^dx^ 1 A dx^ 2 imposes the following condition on the series r 



8r = Rr 1 + d^r+-ror. (4.16) 



Fedosov has proved [7] that the equation (|4.16[) has a unique solution 

r = (T 1 ^ + 5- 1 [d^r + jforj (4.17) 

fulfilling the conditions: 5~ 1 r = and deg(r) > 3. 

Let r[z] denote the component r[z] d =' J2k=o ' h 2k r m [2k, z — 4k]dx m , z > 3 of r of the degree z. As 
it was shown [TSJ Q]5] 

r[3] = (T 1 /^, 

r[z] ^S- 1 ^9 7 r[z-l] + ^^r[j]or[z + l-j]j , 2 > 4. (4.18) 

Of course the foregoing equations may be written in a compact form 

r[z] = 8- l R 1+r [z -I], z > 3. (4.19) 

The expression R 1+r [z — 1] is the part of the curvature of the connection 7 + J2i=3 r W 01 the degree 
(z — 1). From the relation (|4.16j) we deduce that SR 7 + r [z] — for z > 2. Moreover, the 2-form R 1 + r 
fulfills the Bianchi identity 

i 

T1 1 



dR~ l+r + -[7 + r, i? 7+r ] = 0. (4.20) 



In the case when 7 is the induced symplectic connection not containing h, V z >2 ^g)j~ ~ = (compare 
[13]). Moreover, we see that i? 7+r [z] is a sum of three kinds of elements: 

1. R[0\h, i n \0\a, P + n] (y 1 )* 1 • • • {y n ) l -dq a A d Pfj , 

( z 4- n 1 \ 

< i\, . . . , i n < z, i\ + • • • + i n = z. There are n 2 ( J elements of this type. 
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2. R[0\h, . . . , i„|r|a, /?] (y 1 )^ ■ ■ ■ (y n )^y T + n dq a A d/, 



< ii, . . . , i n < z — 1, ii 
this form. 



■ i„ = z — 1, a < /3. We get n 



(2- l) + n- 1 

z - 1 



terms of 



3. R[v\h, i n \0\a, (3} Pv (y 1 ) 11 • • • (y n y-dq a A dq?, 

< ii, . . . , i„ < z, ii + • • • + i„ = z, a < /3. There are n 
kind. 



z + n — 1 
z 



elements of this 



Every function . . . , i„|r|j, k] depends only on spatial coordinates q , . . . , q n . 

There are some constraints imposed on these functions. All of elements from the first class are 
chosen to be independent. Every coefficient standing at a term from the second group is determined by 
two coefficients belonging to the first class (see formula (|4.22[1 ). Among the third set we can choose a 

n + z 



special group of n(z + 1) 



elements. The selection method will be presented below. Any other 



coefficient from the third group is a linear function of these selected ones. 

Let us consider consequences of the restriction 5R 7 + r [z] = 0, z > 2. We start from 



(z - 1) + n - 1 
z - 1 



nontrivial equations containing terms of the first and the second kind. 



((i a + l)R[0\i 



1 ) • * * ) *Qf ' 



\0\P,T + n]-(ip + l)R[0\i 



,ip + l,...,i n \0\a,r + n]+ 



R[0\ 



j ■ ■ • j <-a j 



i n \r\a, /3]) (y'r ■ ■ ■ {y a f a ■ ■ • ■ ■ • {y n )^d q a A dxf A dp T = 0, (4.21) 

where i\ + • • • + i n = z — a < f3. The number of equations (|4.2ip equals the number of coefficients of the 
second type. Moreover, in each equation only one coefficient of the type i?[0|zi, . . . , i a , ■ ■ ■ , ip, ■ ■ ■ , i„|r|a, /?] 
appears and each term H[0|ii, . . . , i a , . . . , ip, . . . , i n \r\a, f$\ is present in exactly one of these equations. 
Hence we conclude that every coefficient from the second set can be uniquely expressed by elements from 
the first collection. Indeed, from (|4.21[) 



= (ip + l)R[0\h 



The conditions 



((i o +l)fl[0|ii 



R[0\h, ...,i a ,...,ip,.. .,i n \r\a,P] = 

,,i a ,...,ip + l,..., i n \0\a, t + n] - (i a + l)iJ[0|ii, ...,i a + l, 
< ii, . . . ,i n < z — 1, i\ -\ + i n = z — 1, a < (3. 



,i ,...,i n \O\fi,T + n], 
(4.22) 



ip,...,i K ,... ,in\i~\P,K]-(ip+l)R[0\ii 



,ip+l, ...,i K , 



,i n T a, k 



1)R[0\ 



, i a , . . . , %p, . 



,i K + l,. 



x^ 1 ) 11 • • ■ (y a ) la ■ ■ ■ {v p T 13 ■ ■ ■ (y K Y K ■ ■ ■ (y n ) ln y T+n dq a a dtf a d q K = o, 

< ii, . . . , i n < z - 2, i\ H \-i n =z- 2, a < (3 < k (4.23) 

are nontrivial for 3 < n. They are imposed only on terms of the second kind. However, applying the 
relations (|4~22l) we turn them into identities. 

Moreover, n 2 coefficients of the type i?[0|0, . . . , 0, i a = z, 0, . . . , 0|0|a, t + n] disappear because 



<S(i?[0|0, . . . , 0, i a = z, 0, . . . , 0|0|a, r + n](y a ) z dq a A dp T ^j = 0. 



(4.24) 



Finally, let us investigate consequences of the condition SR~ ( + r [z] = 0, z > 2 for the elements of the 
third type. As it can be easily checked, each of these elements appears in at most Min[z, n — 2] equations. 



14 



Assume that the element R[v\ii, . . . , i„|0|a, f3] p v (y 1 ) n ■ ■ ■ (y™) 1 ™ dq a A dq" , is present exactly in / 
equations, < / < Min[z, n — 2] following from the general condition 5i? 7+r [z] = 0. It means that among 
indices i K there are exactly / numbers i v such that i] ^ a,rj ^ (3 and ^ 0. The total number of terms 
present in exactly / equations each equals 

Each of the constraints following from the condition 8R 1+r [z] = contains three different coefficients 
i?[i;|£i, . . . , i n |0|cn,/3] and each of these coefficients appears in the same number of equations following 
from the constraint SR 7+r [z] = 0. Moreover, any arbitrary pair of coefficients appears in at most one 
equation. 

Hence the set of 

n — 1 + (z - 1) \ f n 
z-1 ){'S 

equations following from the requirement 8R 1 + r [z\ = can be divided in Min[z,n — 2] separate classes 
containing only coefficients . . . ,i Tl |0|a,/3] appearing in the analysed formulas for exactly / times 

each, where 1 < / < Min[z, n — 2]. Each class consists of 

n \ / z + 1 
/ + 2 ) { z-f 

independent blocks. Every block is a system of j ( ^ ^ ^ J linear equations containing ( ^ ^ ^ 

coefficients. Among these equations only ^ ^ ^ ^ J conditions are linearly independent. Therefore from 
f + 2 \ 

2 I coefficients only (/ + 1) terms are independent. The choice of these (/ + 1) elements is not 

arbitrary. We propose it below. 

Each expression R[v\ii, . . . , i n |0|a, j3]p v (y 1 ) 11 • • • (y n ) l "dq a Adq@ belongs to exactly one block so each 
block may be characterized by the quantity p v (y 1 ) 11 ■ ■ ■ (y n ) ln dq a A dq". However, the block 
Pv (z/ 1 )' 1 ' ' ' {y n Y n dq a A dq 13 can be equivalcntly determined by the expression 

Pv {y 1 ) 11 ' " ' (y a y°' +1 ■ ■ ■ (y /3 ) i / 3+1 ■ • • (y n y™ . In the next paragraph we use this latter characterization of 
blocks. 

Let us consider the block p v (y Sl ) lsi ■ ■ ■ (y s f+ 2 ) ls f+ 2 , where for I = 1, ...,/ + 2 the indices 
1 < isn 1 < si < «2 < ■ • ■ < s/+2 < n. As the independent f + I coefficients R[v\ii, . . . ,i n \O\ce,0\ we 
choose these ones standing at the exterior products dq si A dq Sf+2 , . . . ,dq s,+1 A dq Si+2 . After simple but 
tedious calculations we arrive at the following relation: 

R[v\...,i Sj -l,...,i Sk -l,...,i Sf+2 ,...\0\sj,s k ) = 

2 2 

—^R[v\ . . . ,i Sj -l, . . . ,i Sk , . . . ,i Sf+2 -l, . . .\0\sj,Sf +2 }--^R[v\ . . . ,i Sj , . . . ,i Sk -l, . . . ,i Sf+2 -l, . . .\0\s k ,s f+2 }. 

(4.25) 

The formula f|4. 25[) can be applied in the cases when j < k < f + 2. 

What is amazing, the elements -R[w|ii, . . . , i„|0|a, /?], J2]=i h — z arc determined by R[0\ii, . . . , i„|0|a, (3+ 
n] i.e. elements of the first type and the Abclian connection components of the degree less than z. The 
explicit form of this relation is contained in Appendix [A] 

From (|4.19l) we compute the element r[z + 1], 2 < z. We use the notation analogous to that applied 
in the previous considerations and by r[u|ii, . . . , «7i|t|j] we mean the coefficient standing at 

^(y 1 ) n ---(y"r"2/ T+ "^ J , l<J<2n. 

There are three kinds of components of r[z + 1]: 
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1. r[0\i 1 ,...,i n \0\a + n] (y 1 ) 11 ■ ■ ■ (y n y-d Pa , 

< i\, . . . , i n < z + 1, i\ + ■ • • + i„ = z + 1. We have n I elements of this type. They 



v 2+1 

appear as images of the elements i? 7+I ,[z] of the first kind in the mapping <5 _1 . 



2. r[0\ii,...,i n \T\a] (y 1 ) i ^--(y n ) i "y T + n dq a , 

< ii, . . . , i n < z, i\ + • ■ • + i n = z. The number of expressions of this form is n 2 



z + n — 1 

z 

-i 



They come from applying the 5 operator to the terms i? 7 _|. r [z] of the first and the second type. 
And finally 

3. r[v\i 1 ,...,i n \0\a]p v (y 1 ) il ■ ■ ■ (y n ) i *dq a , 

< *ii • • • ,in _! z + 1) i\ + ■ ■ ■ + in — z + 1. There are n I I elements generated by 



components of i? 7 + r [z] of the third type. 



(4.28) 



The same classification can be applied for the 1-form of the symplectic connection 7 (see page [T2")) . The 
total symmetry of components jijk in indices {i,j, k} implies 

W a ^r 7 [0|0, l.d.... \t\P\ = 7 [0|0, 1.0-... \r\a], (4.26) 

V QjT j[0\h, ...,i a ,..., i n \T\a] = (i a + l) 7 [0|ii, . . . , i a + 1, . . . , £ n |0|r + n], (4.27) 

j +1 

V a</ 3 V„ < £/? 7[i>|ti, . . . , i Q , . . . , i/3, . . . , i n |0|a] = — 7 [f Ki, • • • , + 1, • • • , ip - 1, ■ 

Let us consider some relations between three classes of components of r[z + 1], 2 < z. 
After simple calculations we conclude that 

1 " 

r[0| . . . , i Sl , . . . , i Su , . . . \0\a + n] = — — ^ R[Q\ ...,*„- 1, .... i a „, .. . \Q\s h a + n]. (4.29) 

We assume that 1 < u < n, V; < i S[ , i si + h i Su = z + 1. 

In a special case r[0|0, ...,ip = z + 1,0,... \0\a + n] = j^R[0\0, . . . , (i@ — 1) = z, 0, . . . |0|/3, a + n]. 
But we know that R[0\0, . . . , (i p - 1) = z, 0, . . . |0|/3, a + n] = so 

r[0|0, ...,i p =z + l,0,... |0|q + n] = 0. (4.30) 
The elements of the second kind are determined by the formula 

r[0\ . . .,i Sl ,...,i Su ,...\T\a] = - J^2 R i°\ Vl> • \0\a,T + n} + 

+ 7T9 E ^l — 

- 1, . . .,i a , . . . ,i Su , . . . \r\si,a] + 

all I that si <a 



z + 2 

all / that si >a 

Z — Z ~ \ 

— — — — R[0\ ...,i Sl ,..., i Su ,. . . \0\a, r + n} + 
z + / 

^Sl 3***3 *S( - 1, • • • ,i a + I3 • • • >is u , • ■ ■ \Q\si,t + n], (4.31) 

all I that si 

is, + 1- is,, = z. 
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Remember that for all / there is s; + 1 a and < s; but it may be i a = 0. 

The straightforward consequence of the relation (|4.3ip is the statement that for all a,r 

r[0, . . . , 0, i T = z, 0, . . . , 0\a\r] = 0. (4.32) 

Applying (|4T29|) to the result (|4~3T) we obtain 

r[0\ ...,i si ,.. .,i Su ,. . . \t\o\ = (i a +l)r[0\ ...,i si ,.. . ,i Q +l, ...,i Su ,... |0[r+n]-i?[0| . . . ,i si , . . . ,i Su , . . . |0|a,r+n] 

(4.33) 

Finally we present formulas determining components of the correction r belonging to the 3rd category. 
r[v\ ...,i Sl ,.. .,i Su ,- ■ ■ \0\a] = j-j-^ ^ R[v\ . . . , i Sl , . . . , i Sl - 1, . . . , i a , . . . , i Su , . . . |0|sj,a]+ 

all I that si <q 

~~ 7^~2 ^ R[v\...,i Sl ,...,i a ,..-,i sl -l,...,i Su ,...\0\a,si]. (4.34) 

all / that si >a 

The straightforward consequence of (|4.34[) is the equality 

r[r\0, . . . , 0, i a = z + 1, 0, . . . , 0|0|a] = (4.35) 

which also results from the condition 5 r = 0. 

The relations ([OP]) . flUgg) and (|335j) yield (|4TM)) . 

As we know (see pagc !15[) . not all of elements R[v\ . . . , i Sl , . . . , i Sll , . . . |0|a, /3] are independent. Assume 



that s u = a in (|4.34|) . Then 

2 + 2 



r[u|...,i si ,...,i s „,...|0|a] = . . . , i si , . . . , i Sl - l,...,i Su ,...\0\si,a]. (4.36) 

The relation determining r[v\ . . . , i Sl , . . . , i Su , . . . |0|a] for s u < a is a slight modification of (|4.36[) 

1 u 

r[w| ...,i si ,...,i 8 . \0\a] = — — V"i?M ■ ■ ■ , i Sl , ■ ■ ■ , i si - 1, • • • , i a „, • • • \0\s h a}. (4.37) 



2 + 2 

1=1 



For s u > a from (|4. 25[) we obtain 



i + 1 u_1 

r[u| . . . ,i ai , . . . , z s „ , . . . |0|a] = , " ^ . . . , i si , . . . ,i H - 1, . . . ,i a + 1, . . . ,i s „ - 1, . . . |0|sj, s u } + 

~—R[v\ ...,i Sl ,...,i a ,...,i Su -l,... \0\a,s u ] '= la + 1 r[v\ . . . ,i Sl , . . . ,i a + l, . . . ,i Su -1, . . . |0|s„]+ 

- — R[v\ ...,i si ,...,i a ,.. .,i Su - 1, ... |0|a, s„]. (4.38) 

Remember, that although the formulas (|4.36[) , (|4.37p and (|4.38|) contain the curvature 2-form components 
of the third kind, due to the Bianchi identity they are in fact determined exclusively by the elements 
R[0\ii,...,i n \0\a,P + n]. 

Then we are ready to construct the iterative formula determining i? 7 + r [z] by all i? 7 + r [v], 2 < v < z— 1 . 
We see that it is sufficient to find the relation defining components i? 7 + r [z] of the first kind. 

Starting from the definition of the curvature i? 7 + r and applying the formula (|4.6[) we obtain that 
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R[0\i 1 ,...,i n \0\a,(3 + n] = — r[0|»i, . . . ,* n |O|0 + n] - r\p\h, . . . ,*„|0|a] + E ( 

m— 1 

|0|/3 + n] • r[0|ii - gi, . . . ,i m — g m , ... ,i n — g n \m\a} + 

Sl+-+9n = l 

VcO<g c <Min.[i c ,l] 

+ X] (.9m+l)^[0|5i, ■ ■ ■ ,flWi+l, • • • j 5n|0|/3+n]7[0|ii-#i, . . . , i m -g m , i n -g n \m\a 

VcMax.[0,ic-l]<gc<Min.[i c ,2-l] 

,p m + l, . . .,g n |0|/3+n]-r[0|ii— 5i, . . . ,i m — g m , . . . ,i n — g„|m|a] ). 

2<Bl+-.+s„<i-2 

V c 0<g c <Min.[i c ,z-2] 

(4.39) 

The sum ii + . . . + i n = z. This iterative formula plus relations presented before completely define the 
Fedosov ^-product with the symplectic connection induced by some linear connection according to the 
scheme proposed in the second section. We see that to construct the Abelian connection it is sufficient to 
know the symplectic connection coefficients ji a p and the symplectic curvature tensor components K a p$j. 
The coefficients 7^5 influence the Abelian connection 7 + r only indirectly through the elements K a p$j. 



4.2 The *- product of functions 

Let (W,u;,7) be a Fedosov manifold and "P*W[[/i]] the Weyl algebra bundle over the manifold (W, 1^,7). 
The Weyl bundle is equipped with the Abelian connection 7 of the form (|4. 1 5|) . 

The subalgebra C C°° (V*W[[h]\) consists of flat sections of the Weyl bundle C°° (V*W[[h]\) 

i.e. such sections that d^a = 0. As it has been proved by Fedosov 018], for any ao E C°°(W) there exists 
a unique section a <E 'P*W[[ft]]^ such that 

a(a) d =' a\ y=Q = a . 
The element a = a (do) can be found by the iteration 

a = a + S^ 1 (d y a + ^[r, a^j . (4.40) 

This relation means that 

a[0] = a , 

. z-2 

a[z] = S- 1 (d y a[z-l} + -J] \r[z + 1 - l],a[l] ), z>l. (4.41) 

1=1 

Since now we restrict our considerations to the situation when the symplectic manifold (W, u>) is a 
cotangent bundle T*Ai and 7 is an induced symplectic connection on it. We focus on some properties 
of the series a~ 1 (ao) in this case. 

Let us start from the following observation. 

Corollary 4.1. An element h k g (y 1 )^ ■ ■ • ( y 2n y^ e C°° (V*W[[h]\) , g £ C°°(T*M), h H h i 2n > 1 

is given. The expression 



7 + r, h k g (j/r • • • (y 2ri rH =E E ^ +2< V^' I ... j2n (y 1 )^ • • • (y 2 T 2 " 



i=0 all possible 

ji+---+i2„=i 
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where 7 is the l-form representing the induced symplectic connection, r is the Abelian connection series 
generated by 7 and bk+2dj-L...h„ are some smooth functions on T*A4. Moreover 

n n 

^ jl+n = ^2 ll+n - 2d 
1 = 1 1=1 

for elements obtained from commutators with 7 or r of the first and of the second kind ( see the classifi- 
cation on page \15)) and 

n n 

jl+n = il+n - 2d - 1 

1 = 1 1=1 

if components of '7 or r were of the third kind. 

This corollary is the straightforward consequence of two definitions: of the commutator and of the 
operator 8~ l . 

Thus we see that the commutators appearing in the recurrence (|4.40l) do not increase the number of 
y's with momenta indices. Moreover Vjc jx < *A" + 1 if the commutators are calculated with elements 
of 7 + r of the 1st and 2nd kind and Vr- jk < in if the commutators with 7 + r of the 3rd type are 
considered. We recall that the capital letters correspond to momenta coordinates. 

Therefore we observe that the total number of momenta-like elements (y K ) lK may increase only in 
the operation 8- x [h k dg (y 1 ) 11 ■ ■ ■ (y 2n ) 12 "). 

In contrary, let an element g (y 1 ) 11 ■ ■ ■ (y 2 ™) 12 ", g G C°° (T* M), J2"=i *s = ^ be given. Then every 
term generated from this element by the recurrence (|4.40[) contains at least I position-like components 

y a . 

Corollary 4.2. Let oq = (pi) 11 ■ ■ • (p n Y" f (q 1 , • ■ • , Q n ) be some smooth function defined on the cotangent 
bundle T*M. Then (T _1 (ao) consists only of elements of the form 

h 2d g 2dh .., n h ... h M\ ■ ■ -,Q n )(pi) 11 ■ ■ ■ (Pn) ln {y l ) h ■ ■ ■ (y 2n ) j2n 

such that 

n n n 

2d+^2i s +^2 jn+s = ^2 is - 

s=l s— 1 s= 1 

The proof of this corollary can be done with the use of the mathematical induction and the Corollary 

ED 

Hence we conclude that if ao is a function of the spatial coordinates only then the series <r _1 (ao) 
contain neither powers of the deformation parameter h nor y K . Thus er -1 (ao)[.z] is a polynomial in y a of 
the degree z. Moreover, there are not any terms (pi) v , /,. > in this series. Degrees of partial derivatives 
of ao in <7 -1 (ao)[2:] arc from the ordered set {1, . . . , z}. 

In the process of generating a~ 1 (ao) in this case only two kinds of elements can be different from 0: 
the exterior derivatives and the commutators with components 7 + r of the 2nd category 

For an function ao G C°° {T* M) the element a[z],z > 1 consists of the terms of the form 

^(pi^ . . . (p n y«f( q \ . . . , ^ n ) ^iTziy )h ■ ■ ■ {y2n)nn ■ 

There is a short list of properties of the above expressions. 

1. 4d + ji H \-jin = z, 

2. 1 < ii H h i% n < z, 

3. if X)s=i is = z then d = 0, V s l s = 0, V s i s — js and the function / is some constant, 
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s=l s=l s=l 

The Corollary 14. 2 1 is compatible with this statement. 

5. The maximal value of the sum l s = [|] . If $2™ =1 h = f , where z is an even number, then 
2d + Yl's=i h+n = and £)™ =1 Wn = f • 

6. Every function /(<?,•••, g n ) is a polynomial in symplcctic connection coefficients ~fi a p, partial 
derivatives of components "f a /35 with respect to momenta and partial derivatives of these both 
groups of quantities with respect to spatial coordinates. 

All of these observations follow from simple but boring analysis of the Fedosov recurrence. 



Using the one-to-one correspondence between the collection of the flat sections V* W[[/i]]^ and the set 
C°°(W) we introduce the associative star product V of functions a ,bo G C°°(W) 

a * b Q ='• afa-^ao) o a" 1 ^)) . (4.43) 

This ^-product is natural and of the Weyl type. 

Moreover, applying the definition (|4.43|) to the *-product of functions depending only on spatial 
coordinates we see that their *-product is the usual pointwise multiplication of functions. But in the case 
we multiply two elements of the form 

( Pi y- . . . (pnY-fiq 1 , ■ ■ .,<?")! * UpiY 1 ■ ■ ■ ( Pn y"g(q\ . • . , q n ) 



we see from the Corollary 14.21 that the maximal power of h appearing in this product do not exceed 

fjii-i Hn+jiH hj„ . 

Then for example in the case of 3-D base space 

h 2 ( \ 

Pl*P2 — Pi -P2 + — ^74117412 +74227511+74127512 +75127522 +74237611+74137612 +75237612 +75137622 +76137623 J- 

What is even more interesting also p a * p a ^= p a ■ p a in general. 

The part of the product p a *P/3 standing at h 2 depends only on the coefficients of the linear connection 
from the base space (sec (|2.12| ). Hence if the configuration space A4 is flat then we can always choose 
the spatial coordinates so that for all momenta canonically conjugated with them p a * pp = Pa ■ Pp- 

The general form of a ^-product of smooth functions on a Poisson manifold is 

OO 

a *b = y^^h l Bi(a ,b ), 

i=0 

where Bi{-, •) are some bidifferential operators. Let us write cr -1 (ao)[z] in the following form 

[^] 

a^ 1 (a )[z a ] = a[z a ] = 2J a 2d a [z a - 4d a ] . 

d a =0 

Then for every ^-product calculated according to the Fedosov method the term Bi(ao, bo) depends only 
on elements a[z a ], b[zb], which satisfy the following relations 

1 < z a , z b <2i - 1, 
Za + Zb = 2i, 
d a + d b < ^~2~ , 
Z b - Z a = 4(4 - d a ), 

z a - 44 < i , Zb- 44 < i. (4.44) 
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In the case when the ^-product is generated on a cotangent bundle according to Fedosov's algorithm 
with some induced symplectic connection, in a proper Darboux chart all of expressions Bi(ao,bo) for a 
fixed i > 1 are sums of elements 

/(^•■•.l")^ 0/ ° „. ° and (4.45) 

3i<i,<„ s„ > 0, 1 < ki H \- k 2n <i , 1 < ii + h J2« < «• 

From (|4.42j) we see that 

In In n 

u— n+1 u=n-\-l v—1 

Moreover, YZ=i s " < [|] • 

Let us assume that ^(q 1 , . . . , q n ) is some function only of spatial coordinates. Then the component 
Bi(a,Q, bo) of the product of ag with an arbitrary function 6o(<? 1 ? • ■ • ?Pn) satisfies the following properties: 

l4~4l 

1. Zb — z a = 4<4 and therefore Zf, > z ai % > z a , Zb > i, 

2. z;, = i + 2c?h so z a , Zb and i are of the same parity, 

3. only components of er -1 (&o) containing exclusively momenta-like y K appear in the product ao * 
&o- Thus the terms of the kind (|4.46|) from the series cr _1 (&o) do not appear in the deformed 
multiplication. 

4. Hence 

V,>i B I (o ( |,i ( ,)= ^2 X] 5»i...j2„('? 1 7---:9™)x 

all possible all possible 

jn + l + ---+j2n=i l<ii + ...+i n <i 

d 11+ - +l "a d jn + 1+ - +j2n b 



d{q 1 ) 1 ^ . . . d{q n Y» . . . d(p n y*n 

Moreover, if ao(q l , . . . , q n ) is some function only of spatial coordinates and bo = bi(q 1 , . . . , q n ) ■ 
b 2 (pi,... ,p n ) then 

a * b = bi ■ (a * 6 2 ). 

The canonical variables q\ . . . ,p n fulfill comutation relations consistent with the Dirac quantization rules 
i.e. 

{tf,<f} M = , {<f,Pp}u = -ihS? , {p a , P f,} M = 0. (4.47) 
By the symbol {•, -}m we denote the Moyal bracket of functions 

{ao, 6o}m = ' ao * bo - bo * ao- 

Observe that the sign in the second equation (|4.47|) is the consequence of the Fedosov sign convention. 
The commutation relations (|4.47|) are invariant under the point transformations (|2.10l) . 

Examples 

Let us consider the Fedosov construction in the case when the induced symplectic connection is given 
by the relations (|3.28[) . As we remember, in this situation the symplectic curvature tensor satisfies the 
property (|3.33|) . Moreover, from the relation (|4.39|) we can see that this symmetry is inherited by the 
coefficients R[0\ii, . . . , i n |0|a, /3 + ri\(y 1 ) 11 • • • (y n ) ln dq a A dpp of higher degrees. Thus we conclude that 
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the Abelian connection series generated by the induced symplectic connection (|3.28[) is determined by 
the relatively simple formulas: 

VV, ...,*„ V Q r[0|£i,. . .,i«|0|a + n] = 0, 
V^, ...,»„ y a , T r[0|ii,...,i n |r|a] = -R[0\ii, . . . ,i n \0\a,T + n], 

Vu,...,i n V a ,p i2[0|ii, ...,i n |0|a,j8 + n] = -r[j3\i 1 ,...,i n \0\a]+ 

n 

|0|a,m+n]. 

m=l si + ..+s re = i 

V c 0<g c <Min.[i c ,l] 

Unfortunately the relations determinig . . . , i„|0|ci!, /3] and hence r[/3|ii, . . . , i„|0|o;] are still compli- 

cated. Thus the formula representing a~ 1 (ao) does not have a compact form. 

Now we are going to mention the case when the symplectic connection is of the form (|3 .35[) . The 
Abelian connection consists only of elements of the first and of the second type. Then every component 
Bi(ao, bo) of the product ao * bo is a sum of terms of the kind (|4.45p only. All functions k(q 1 , . . . , q n ) from 
the formula (|4.45[) are polynomials in the linear connection T^ s coefficients and their partial derivatives. 

5 Conclusions 

We introduced some class of symplectic connections on a cotangent bundle T*Ai. These connections 
are constructed in a proper Darboux atlas but their construction is global. Since they are modelled by 
a linear connection from the base space M. we call them induced symplectic connections. The induced 
symplectic connections are homogeneous. Among all symplectic connections with which the cotangent 
bundle T* M can be equipped, the induced symplectic connections seem to be the most natural. The 
reasons are that they contain the linear connection from the base manifold M. and are of simple structure. 

There is a deep geometrical relation between the induced symplectic connection and the linear connec- 
tion inducing it. For every smooth curve on T* M. and every vector field X transport parallcly along this 
curve with respect to the induced symplectic connection we obtain that the projected vector field ir^(X) 
is parallely propagated along the projected curve on M. with respect to the linear connection inducing 
our symplectic connection. 

For the induced symplectic connections the recurrent formulas from the Fedosov scheme give relatively 
simple results. Having completed the curvature i? 7 + r and the Abelian connection 7 + r up to the degree 
z to realize the zth + 1 step of the recurrence it is sufficient to find all terms 

R[0\h, i n \0\a, f3 + n^y 1 )^ ■ ■ ■ {y n ) l -dq a A dp p . 

The coefficients i?[0|ii, . . . , i n |0|a, /3 + n] are functions of spatial coordinates only. 

The Abelian correction r does not contain the deformation parameter h and is a sum of three groups 
of elements. 

The Fedosov scheme of calculating the Abelian connection reduces to the loop: 

1. the Abelian connection 1-form 7 + X)f=3 r [^]> ^ ne curvature 2-form ^2^ =2 R~y+r[l] components of 
the 1st kind and the curvature 2-form J2i=2 R*t+r[l] components R[v\ . . . ,i Sl , . . . ,i Su , . . . \0\a, /?], 
s u < P of the 3rd kind are known. 

2. Using the formula (|4.29p one finds all of coefficients r [0 1 z 1 , . . . , i n |0|a + n], i\ + ■ ■ ■ + i n = z + 1. 

3. Then from (TQ3"|) one obtains the elements of the form r[0|?i, . . . , z n |7~|cy], %\ -t- ■ • • -|- i n — z. 

4. In the next step one calculates r[u|ii, . . . , i n |0|a], i\ + ■ ■ ■ +i n = z + l applying the relations (|4.36j) . 
(14371) and KM . 
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5. From (|Q5|) one gets J?[0|zi, . . . ,i n |0|a,j8 + n], h H \-i n = z + 1. 

6. Finally from the formula presented in the Appendix A one has R[v\ . . . ,i Sl , ■ ■ ■ ,i Su , ■ ■ - \0\a, 0] for 
s u < 0, i si H 1- *s„ = z + 1. 

7. One comes back to the 1st step of the loop. 

Simplicity of the Abelian connection influences on the form of a series er -1 (oo) although the general 
formula of this series is still complicated. But for example in the case ao is a function of spatial coordinates 
only, its series a~ 1 {a^) contains neither any powers of h nor elements y K . The element er _1 (ao)[z] is a 
polynomial of the degree z with respect to y al P ha . 

For functions of the form (pi) 11 ■ ■ ■ (p n ) ln f {q 1 , ■ ■ ■ , q n ) series representing them consist only of elements 
fr 2d (pi) h ■ ■ ■ {Pn) l -g{q\ . • . , q^iy 1 )' 1 ■ ■ ■ (y 2n ) 32 " ,d>0, where 2d + £? =1 k + £Li Jk+n = ELi U- 

The *-product of functions depending only on spatial coordinates is the usual commutative product of 
them. In more general situation when ao(q , . . . , q n ) is a function of spatial coordinates and ^(q 1 , . . . ,p n ) 
is an arbitrary function, coefficients standing at nonzero differential operators in B;(ao,&o) are functions 
only of spatial coordinates. Moreover, only partial derivative operators with respect to momenta acting 
on bg are present. 

The maximal power of H in the *-product of polynomials in momenta does not exceed the sum of 
degrees of these polynomials. 

Finally, the commutation relations determined by the Dirac quantization for position and momenta 
are fulfilled and they are invariant under the proper Darboux transformations. 

A The formula determining R[v\ii, . . . , z n |0|a, /3] 

After simple but tedious calculations based on the Bianchi identity (|4.20[) we get 

R[v\h, . . . ,i n \O\a,0\ = 

n 

(si + l)R[0\si, . . . , si + 1, . . . , s„|0|a, v+n) -j[0\ii -si, . . . , it - si, . . . , i n -s n \l\f3} + 

i=i »i+.-.+«„=*-i 

V c Max.[i c -l,0]<s c <i c 
n 

+ ^ (si + l)R[0\si,...,si + l,...,s n \0\a,v + n}-r[0\i 

1 = 1 1<siH hs„< 2 -2 

V c 0<s c <Min.[z-2,i c ] 

n 

^ (si + l)R[0\s!, . . . ,si + l, . . . ,s n \0\(3,v + n]-'y[0\i 1 -s 1 , . ..,^-s;, . . . , i n -s n \l\a} + 

1 = 1 sl + ... +Sn= a_i 

V c Max.[i c -1.0]<Sc<*c 

n 

- ^ ^ (sj + l)i2[0|si,...,sj + l,...,s n |0|j8,u + n]-r[0|i 1 -si,...,ij-s/,...,i„-s n |Z|a] + 

( = 1 l<si + - -+s„<2-2 

V c 0<s c <Min.[z-2,i c ] 

n 

+ ^ (if— S|+l)iJ[0| si , . . . , si, . . . , s„|Z|a, /3]-7[0|ii-si, . . . , ij-sj+1, . . . , i n -s„ \0\v+n] + 

1=1 .l+-- + <„=!-l 

V c Max.[i c -2,0]<s e <-tc 

n 

+ ^ (ij— Si+l)i2[0|si, ...,si,.. . ,s n \l\a,j3]-r[0\ii-s 1 , sj+1,.. . , i„-s„|0|u+n]. 

i = l 1<siH hs„<z-2 

V c 0<s c <Min.[z-2,i c ] 

It is assumed that JZILi = 2 > 2. Remember that elements i?[0|si, . . . , s;, . . . , s„|i|a, /3] are linear 
functions of components of the 1st kind (|4.22[) . 
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